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Some coupled fixed point results for
multi-valued nonlinear contractions
in metric spaces using w-distance
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Abstract. This study employs contractive criteria related to w-distan-
ces to design and address a non-linear multivalued fixed point problem.
The results presented in this study are substantiated by the inclusion
of three illustrative examples. In this paper, a dedicated portion is
allocated to the examination of the use of w-distances. Specifically,
it explores how the utilization of w-distances in the current context
expands upon the findings derived from metric distances.

1. Introduction and preliminaries

Coupled fixed point results are a significant part of fixed point theory,
which experienced substantial development with the publication of Bhaskar
and Lakshmikantham’s paper in 2006, where they introduced the coupled
contraction mapping concept [3]. The concept of connected fixed points orig-
inates from the study undertaken by Guo et al. (1987) [11]. The significance
of the subject matter remained largely unacknowledged until the aforemen-
tioned work authored by Bhaskar et al. was published. In the year 1969,
Nadler [19] extended the field of metric fixed point theory to encompass set
valued analysis. This was achieved through the publication of his set valued
contraction mapping principle, which employed the concept of Hausdorff
distance to measure the dissimilarity between closed and bounded subsets
of a metric space. Several studies have examined coupled fixed point results
related to single-valued mappings [5, 6, 8, 14, 20]. In contrast, other studies
have focused on multi-valued mappings [1, 7, 23, 25].
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Definition 1 ([19]). Consider a metric space (Z, ϱ) and the mapping
h : CB(Z)× CB(Z) → R defined as

h (A,B) = max {∆(A,B) ,∆(B,A)} ,

where

∆(A,B) = sup
p∈A

inf
q∈B

ϱ (p, q) .

Then h is a metric on CB(Z), known as the Hausdorff metric induced by ϱ.

Definition 2 ([7]). Consider the mappings Q : Z → Z and F : Z × Z →
CL(Z), where (Z, ϱ) is a metric space. Suppose there exists (z1, z2) ∈ Z×Z
such that Q(z1, z2) = z1 and Q(z2, z1) = z2, then (z1, z2) is called a coupled
fixed point of Q, i.e., (z1, z2) is a coupled fixed point of F if z1 ∈ F (z1, z2)
and z2 ∈ F (z2, z1).

As we already noted, there has been quite a good number of papers pub-
lished on both single valued and multi-valued coupled fixed points. Several
concepts of ordinary mappings could be extended to coupled mappings. This
has yielded new results, especially in the field of fixed point theory. Also,
various types of applicability of coupled mappings are commendable as is
evidence through papers like [2, 12]. The concept of w-distances mentioned
above was first introduced in 1996 by Kada et al. in their paper [13]. It
has been realized through results published in the following years that the
use of w-distance inequalities in fixed point theory of metric space is capa-
ble of making substantial advancement of the subject by extending some
existing results and also by creating larger classes of function to which the
results based on w-distance are applicable. The book [24] by Rakočević pro-
vides a comprehensive account of fixed point theory developed on the basis
of w-distances. Some more recent references in fixed point theory where
w-distance is used are noted in [4, 10,16,17,21,22,27].

Definition 3 ([13]). Let (Z, ϱ) be a metric space. A w-distance is a mapping
ω : Z × Z → [0,∞) such that the following properties are fulfilled:

(w1) ω(α, γ) ≤ ω(α, β) + ω(β, γ) for all α, β, γ ∈ Z;

(w2) ω(x, .) is lower semi-continuous (l.s.c.), i.e., if α ∈ Z and βn → β in
Z, then ω(α, β) ≤ lim

n→∞
inf ω(α, βn);

(w3) for each ε > 0 there exists δ > 0 such ω(γ, α) ≤ δ and ω(γ, β) ≤ δ
imply ϱ(α, β) ≤ ε.

If ω is a w-distance defined on the metric space (Z, ϱ), then (Z, ϱ, ω) will
be termed as a w-distance space. If (Z, ϱ) is complete, then (Z, ϱ, ω) will
be called a complete w-distance space.
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Lemma 1 ([13]). Let (Z, ϱ, ω) be a w-distance space.

(i) Let {an} be a sequence in Z such that

lim
n→∞

ω(an, x) = lim
n→∞

ω(an, y) = 0.

Then x = y. Particularly, if ω(z, x) = ω(z, y) = 0, then x = y.

(ii) If ω(an, bn) ≤ un and ω(an, y) ≤ vn for any n ∈ N, where {un} and
{vn} are sequences in [0,∞) converging to 0, then {bn}
converges to y.

Definition 4 ([26]). A w-distance ω defined over a metric space (Z, ϱ) is
said to be a ceiling distance of ϱ if ϱ(m,n) ≤ ω(m,n), for all m,n ∈ Z.

Let Z = R and ϱ be the usual distance function and ω(a, b) = max{m(b−
a), n(a− b)}, where m,n ≥ 1. Then ω is a ceiling distance of ϱ.

For any w-distance space (Z, ϱ, ω) holds ω(a,M) = inf
m∈M

ω(a,m). If ω

is a ceiling distance of ϱ, then ω(a,M) ≤ ϱ(a,M). The following lemma
was proved in [18]. It will be useful when we prove our main theorem in the
following section.

Lemma 2 ([18]). Let (Z, ϱ, ω) be a w-distance space and M ∈ CL(Z).
Let a ∈ Z be such that ω(a, a) = 0. Then ω(a,M) = 0 if and only if a ∈ M.

For a w-distance space (Z, ϱ, ω) and a mapping Q : Z ×Z → CL(Z), we
define:

fw(x1, x2) := ω(x1,Q(x1, x2)) + ω(x2,Q(x2, x1)), for all x1, x2 ∈ Z.

Definition 5. Consider the mapping Q : Z × Z → CL(Z), where (Z, ϱ) is
a metric space. For any µ0, ν0 ∈ Z, (µn, νn)n∈N0 is called a coupled orbit of
Q if µn+1 ∈ Q(µn, νn) and νn+1 ∈ Q(νn, µn), for every n ∈ N0. A mapping
f : Z × Z → [0,∞) is Q-orbitally l.s.c. at (µ, ν) if for any coupled orbit
(µn, νn)n∈N0 of Q converging to (µ, ν) holds

f(µ, ν) ≤ lim inf
n→∞

f(µn, νn).

Let Φ denote the set of all functions φ : [0,∞) → [c, 1), 0 < c < 1, such
that lim supr→t+ φ(r) < 1, for all t ∈ [0,∞). In our main result we will use
the class of functions Φ introduced in [29].

The aim of this study is to present multi-valued fixed point theorems for
functions that meet specific inequalities in relation to w-distances.
This will effectively extend certain findings achieved in metric spaces, where
w-distances were not considered.



4 Some coupled fixed point results for multi-valued nonlinear. . .

2. Main results

Theorem 1. Let (Z, ϱ, ω) be a complete w-distance space and Q : Z×Z →
CL(Z) be a mapping. Assume fw : Z × Z → [0,∞) defined by

fw(x1, x2) := ω(x1,Q(x1, x2)) + ω(x2,Q(x2, x1)), for all x1, x2 ∈ Z.

Suppose there exists φ ∈ Φ such that for each x1, x2 ∈ Z there exist u1 ∈
Q(x1, x2) and u2 ∈ Q(x2, x1) satisfying

(1)
√

φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)] ≤ fw(x1, x2),

(2) fw(u1, u2) ≤ φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Then
(A1) for every µ0, ν0 ∈ Z there exists a coupled orbit (µn, νn)n∈N0 of Q

such that lim
n→∞

µn = z1, lim
n→∞

νn = z2, for some z1, z2 ∈ Z.
(A2) fw is Q-orbitally l.s.c. at (z1, z2) if and only if fw(z1, z2) = 0.
(A3) (z1, z2) is a coupled fixed point of Q, that is z1 ∈ Q(z1, z2) and

z2 ∈ Q(z2, z1), provided ω(z1, z1) = ω(z2, z2) = fw(z1, z2) = 0.

Proof. Let µ0, ν0 be two arbitrary elements of Z. Then, by assumptions (1)
and (2), there exist µ1 ∈ Q(µ0, ν0) and ν1 ∈ Q(ν0, µ0) satisfying

(3)
√

φ(fw(µ0, ν0))[ω(µ0, µ1) + ω(ν0, ν1)] ≤ fw(µ0, ν0),

(4) fw(µ1, ν1) ≤ φ(fw(µ0, ν0))[ω(µ0, µ1) + ω(ν0, ν1)].

From (3) and (4) we get

fw(µ1, ν1) ≤
√
φ(fw(µ0, ν0))fw(µ0, ν0).

Again, by assumptions (1) and (2), we can choose µ2 ∈ Q(µ1, ν1) and ν2 ∈
Q(ν1, µ1) satisfying

(5)
√
φ(fw(µ1, ν1))[ω(µ1, µ2) + ω(ν1, ν2)] ≤ fw(µ1, ν1),

(6) fw(µ2, ν2) ≤ φ(fw(µ1, ν1))[ω(µ1, µ2) + ω(ν1, ν2)].

From (5) and (6) we get

fw(µ2, ν2) ≤
√
φ(fw(µ1, ν1))fw(µ1, ν1).

By repeating the process, we obtain a coupled orbit (µn, νn)n∈N0 of Q satis-
fying

(7) fw(µn+1, νn+1) ≤
√
φ(fw(µn, νn))fw(µn, νn),

(8)
√

φ(fw(µn, νn))[ω(µn, µn+1) + ω(νn, νn+1)] ≤ fw(µn, νn).
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Since φ(t) < 1, from (7), we get that {fw(µn, νn)} is a strictly decreasing
sequence. Therefore, lim

n→∞
fw(µn, νn) = r for some r ≥ 0. Now, if r > 0,

from (7) we have

r ≤ lim sup
n→∞

fw(µn, νn) ≤ lim sup
n→∞

(√
φ(fw(µn, νn))fw(µn, νn)

)
≤ lim sup

n→∞

(√
φ(fw(µn, νn))

)(
lim sup
n→∞

fw(µn, νn)

)
= lim sup

n→∞

(√
φ(fw(µn, νn))

)
r

< r.

which is a contradiction. Therefore

(9) lim
n→∞

fw(µn, νn) = 0.

Suppose α = lim sup
n→∞

√
φ(fw(µn, νn)). Then, by the property of φ, α < 1.

Consider q such that α < q < 1. Then, there is n0 ∈ N such that√
φ(fw(µn, νn)) < q, for all n ≥ n0.

Then, from (7) we get

(10) fw(µn+1, νn+1) ≤ qfw(µn, νn), for all n ≥ n0.

From (10) we have

(11) fw(µn+1, νn+1) ≤ qn+1−n0fw(µn0 , νn0), for all n ≥ n0.

As φ(t) ≥ a for every t ≥ 0, 0 < a < 1, from (8) and (11) we have

ω(µn, µn+1) + ω(νn, νn+1) ≤ cqnfw(µn0 , νn0), for all n ≥ n0, c =
1√
aqn0

.

Therefore, for m > n ≥ n0 holds

ω(µn, µm) + ω(νn, νm) ≤
m−1∑
k=n

ω(µk, µk+1) + ω(νk, νk+1)

≤ cfw(µn0 , νn0)

m−1∑
k=n

qk

≤ cfw(µn0 , νn0)
qn

1− q
.(12)

Suppose ε > 0 be any given number and δ > 0 satisfies (w3). From (12),
there exists nδ > n0 such that

(13) cfw(µn0 , νn0)
qnδ

1− q
< δ

From (12) and (13), for all m > n > nδ, we obtain

ω(µnδ
, µm) + ω(νnδ

, νm) < δ and ω(µnδ
, µn) + ω(νnδ

, νn) < δ.



6 Some coupled fixed point results for multi-valued nonlinear. . .

Therefore, from (w3) we have ϱ(µn, µm)+ϱ(νn, νm) ≤ ε, for all m > n > nδ.
Hence, {µn} and {νn} are both Cauchy sequence. By completeness of

(Z, ϱ), there is z1, z2 ∈ Z such that lim
n→∞

µn = z1 and lim
n→∞

νn = z2.

For the second part, if fw is Q-orbitally l.s.c. at (z1, z2), then from (9)

0 ≤ fw(z1, z2) ≤ lim inf
n→∞

fw(µn, νn) = 0.

Therefore, fw(z1, z2) = 0. Conversely, suppose fw(z1, z2) = 0 for some
z1, z2 ∈ Z. Let (µn, νn)n∈N be a coupled orbit converging to (z1, z2), then

fw(z1, z2) = 0 ≤ lim inf
n→∞

fw(µn, νn).

Hence, fw is Q-orbitally l.s.c.

Thirdly, suppose ω(z1, z1) = ω(z2, z2) = fw(z1, z2) = 0, then

ω(z1,Q(z1, z2)) = ω(z2,Q(z2, z1)) = 0.

Then, from Lemma 2 follows z1 ∈ Q(z1, z2) and z2 ∈ Q(z2, z1), that is,
(z1, z2) is a coupled fixed point of Q. □

Theorem 2. Let (Z, ϱ, ω) be a complete w-distance space and Q : Z ×
Z → CL(Z) be a multi-valued mapping. Suppose condition (1) and (2) of
Theorem 1 holds and

inf
{
ω(x1, u1) + ω(x2, u2) + ω(x1,Q(x1, x2))

+ ω(x2,Q(x2, x1)) : x1, x2 ∈ Z
}
> 0,

for u1, u2 ∈ Z, with u1 /∈ Q(u1, u2) and u2 /∈ Q(u2, u1). Then Q admits a
coupled fixed point.

Proof. Similar to the proof of Theorem 1, there exist a coupled orbit (µn, νn)N0

converging to (z1, z2), and for all m > n ≥ n0

ω(µn, µm) + ω(νn, νm) ≤ cfw(µn0 , νn0)
qn

1− q
.

Since ω(x, .) is l.s.c.,

ω(µn, z1) + ω(νn, z2) ≤ lim inf
n→∞

ω(µn, µm) + lim inf
n→∞

ω(νn, νm)

≤ lim inf
n→∞

(ω(µn, µm) + ω(νn, νm))

≤ cfw(µn0 , νn0)
qn

1− q
, for all n ≥ n0.

Also, holds

ω(µn,Q(µn, νn)) + ω(νn,Q(νn, µn)) ≤ ω(µn, µn+1) + ω(νn, νn+1)

≤ cqnf (µn0 , νn0) for all n ≥ n0.
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Now, if z1 /∈ Q(z1, z2) and z2 /∈ Q(z2, z1), we have

0 < inf {ω(x, z1) + ω(y, z2) + ω(x,Q(x, y)) + ω(y,Q(y, x)) : x, y ∈ Z}
≤ inf {ω(µn, z1) + ω(νn, z2) + ω(µn,Q(µn, νn)) + ω(νn,Q(νn, µn)) : n ≥ n0}

≤ cfw(µn0 , νn0)

{
qn

1− q
+ qn : n ≥ n0

}
= 0,

which is a contradiction. Hence, (z1, z2) is a coupled fixed point of Q. □

Theorem 3. Let (Z, ϱ, ω) be a complete w-distance space, Q : Z × Z →
CL(Z) be a multi-valued mapping and ω be a ceiling distance of ϱ. Suppose
fw is Q-orbitally l.s.c. and conditions (1) and (2) of Theorem 1 are fulfilled.
Then Q admits a coupled fixed point.

Proof. Let µ0, ν0 be two arbitrary elements of Z. Applying Theorem 1 we
can generate a coupled orbit (µn, νn)n∈N0 converging to (z1, z2). Since fw is
Q-orbitally l.s.c., we have

fw(z1, z2) ≤ lim inf
n→∞

fw(µn, νn) = 0.

Therefore,

ω(z1,Q(z1, z2)) = ω(z2,Q(z2, z1)) = 0.

Since ω is a ceiling distance of ϱ, we have

ϱ(z1,Q(z1, z2)) ≤ ω(z1,Q(z1, z2)),

ϱ(z2,Q(z2, z1)) ≤ ω(z2,Q(z2, z1)).

Therefore,

ϱ(z1,Q(z1, z2)) = ϱ(z2,Q(z2, z1)) = 0.

Hence, z1 ∈ Q(z1, z2) and z2 ∈ Q(z2, z1). □

Example 1. Let (Z, ϱ, ω) be a complete w-distance space, where Z = [0, 1],
ω(x1, x2) = x2, for all x1, x2 ∈ Z, and ϱ be the usual distance. Let Q :
Z × Z → CL(Z) be a mapping given by

Q(x1, x2) =

{{
x2
1
2

}
, if x1 ̸= 1

2 ,{
3
4

}
, if x1 = 1

2 ;

and φ : [0,+∞) → [16 , 1) is defined by

φ(t) =

{
max

{
t
2 ,

3
4

}
, if t ∈ [0, 32 ],

1
4 , if t > 3

2 .
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Now, fw(x1, x2) given by

fw(x, y) =



x2
1+x2

2
2 , if x1, x2 ̸= 1

2 ,

x2
1
2 + 3

4 , if x1 ̸= 1
2 , x2 =

1
2 ,

x2
2
2 + 3

4 , if x2 ̸= 1
2 , x1 =

1
2 ,

3
2 , if x1 = x2 =

1
2 ;

is Q-orbitally l.s.c. We take into account the following instances.

Case I.
If x1, x2 ̸= 1

2 , then u1 ∈ Q(x1, x2) =
{

x2
1
2

}
and u2 ∈ Q(x2, x1) =

{
x2
2
2

}
.

Therefore,

fw(u1, u2) =
x41 + x42

8
≤ max

{
x2
1+x2

2
2

2
,
3

4

}
x21 + x22

2

= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case II.
If x1 ̸= 1

2 , x2 = 1
2 , then u1 ∈ Q(x1, x2) =

{
x2
1
2

}
and u2 = 3

4 ∈ Q(x2, x1).
Therefore,

fw(u1, u2) =
x41
8

+
9

32
≤ max

{
1

2

(
x21
2

+
3

4

)
,
1

4

}(
x21
2

+
3

4

)
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case III.
If x2 ̸= 1

2 , x1 = 1
2 , then u2 ∈ Q(x2, x1) =

{
x2
2
2

}
and u1 = 3

4 ∈ Q(x1, x2).
Thus,

fw(u1, u2) =
x42
8

+
9

32
≤ max

{
1

2

(
x22
2

+
3

4

)
,
3

4

}(
x22
2

+
3

4

)
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case IV.
If x1, x2 = 1

2 , then u1 = 3
4 ∈ Q(x1, x2) =

{
3
4

}
and u2 = 3

4 ∈ Q(x2, x1) ={
3
4

}
. Then,

fw(u1, u2) = ω(u1,Q(u1, u2)) + ω(u2,Q(u2, u1))

= 2ω

(
3

4
, T

(
3

4
,
3

4

))
=

9

16

≤ φ

(
1

2

)
3

2
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].
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Put (z1, z2) = (0, 0) and µ0 = ν0 =
1
2 , µ1 = ν1 =

1
4 . Consider the coupled

orbit (µn, νn)N0 given by µn = 1
2µ

2
n−1 and νn = 1

2ν
2
n−1, for n ≥ 2. Then

converges to (z1, z2) = (0, 0). Also, fw(0, 0) = ω(0, 0) = 0. Consequently,
every requirement of Theorem 1 is met. Thus, Q possesses a coupled fixed
point which is (0, 0).

Example 2. Consider the complete w-distance space (Z, ϱ, ω), where Z =
R+, ω(x1, x2) = x2, for all x1, x2 ∈ Z, and ϱ be the usual distance. Let
Q : Z × Z → CL(Z) be a mapping given by

Q(x1, x2) =

{{
x1
2

}
∪ [x1 + 1,+∞), if x1 ∈ [0, 1),{
5
6 , x1 −

1
4

}
, if x1 ≥ 1;

and φ : [0,+∞) → [12 , 1) is defined by

φ(t) =

{
1
2 , if t ∈ [0, 43 ],

3
4 , if t > 4

3 .

Now, fw(x1, x2) given by

fw(x1, x2) =



x1+x2
2 , if x1, x2 ∈ [0, 1),

x1
2 +min

{
5
6 , x2 −

1
4

}
, if x1 ∈ [0, 1), x2 ≥ 1,

x2
2 +min

{
5
6 , x1 −

1
4

}
, if x2 ∈ [0, 1), x1 ≥ 1,

min
{
5
6 , x1 −

1
4

}
+min

{
5
6 , x2 −

1
4

}
, if x1, x2 ≥ 1;

is Q-orbitally l.s.c. We consider the following cases.

Case I.
If x1, x2 ∈ [0, 1), then u1 ∈ Q(x1, x2) =

{
x1
2

}
and u2 ∈ Q(x2, x1) =

{
x2
2

}
,

thus holds

fw(u1, u2) =
x1 + x2

4
≤ 1

2

(
x1 + x2

2

)
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case II.
If x1 ∈ [0, 1) and x2 ≥ 1, then u1 =

{
x1
2

}
∈ Q(x1, x2) =

{
x1
2

}
∪ [x1+1,+∞)

and u2 =
5
6 ∈ Q(x2, x1), thus holds

fw(u1, u2) =
x1
4

+
5

12
≤ 1

2

(
x1
2

+
5

6

)
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case III.
If x2 ∈ [0, 1) and x1 ≥ 1, then u2 =

{
x2
2

}
∈ Q(x2, x1) =

{
x2
2

}
∪ [x2+1,+∞)
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and u1 =
5
6 ∈ Q(x1, x2), thus holds

fw(u1, u2) =
x2
4

+
5

12
≤ 1

2

(
x2
2

+
5

6

)
= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Case IV.
If x1, x2 ≥ 1, then u1 = 5

6 ∈ Q(x1, x2) =
{
5
6 , x1 −

1
4

}
and u2 = 5

6 ∈
Q(x2, x1) =

{
5
6 , x2 −

1
4

}
, thus holds

fw(u1, u2) = ω(u1,Q(u1, u2)) + ω(u2,Q(u2, u1))

= 2ω

(
5

6
,Q

(
5

6
,
5

6

))
=

5

6
≤ φ

(
1

2

)
5

3

= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

Also, u1 /∈ Q(u1, u2) and u2 /∈ Q(u2, u1) implies (u1, u2) ̸= (0, 0). Then

inf
{
ω(x1, u1) + ω(x2, u2) + ω(x1,Q(x1, x2))

+ ω(x2,Q(x2, x1)) : x1, x2 ∈ Z
}

= inf
{
u1 + u2 +Q(x1, x2) +Q(x2, x1) : x1, x2 ∈ Z

}
= u1 + u2 > 0.

Therefore, all the conditions of Theorem 2 are satisfied. Hence, Q has a
coupled fixed point.

Example 3. Let Z = [−1, 1] be equipped with the usual distance ϱ and
ω(x1, x2) = |x1|+ |x2|. Then (Z, ϱ, ω) is a complete w-distance space and ω
is a ceiling distance of ϱ. Let Q : Z × Z → CL(Z) be a mapping given by

Q(x1, x2) =

{[
−1, x1

4

]
, if x1 ∈ [−1, 0),[

0, x1
2

]
, if x1 ∈ [0, 1];

and φ : [0,+∞) →
[
1
4 , 1

)
is defined by

φ(t) =

{
1
4 , if t ∈ [0, 3],

3
4 , if t > 3.

Then

fw(x1, x2) =


|x1|+ |x2|+

∣∣x1
4

∣∣+ ∣∣x2
4

∣∣ , if x1, x2 ∈ [−1, 0),

|x1|+ |x2|+
∣∣x1
4

∣∣ , if x1 ∈ [−1, 0), x2 ∈ [0, 1],

|x1|+ |x2|+
∣∣x2
4

∣∣ , if x1 ∈ [0, 1], x2 ∈ [−1, 0),

|x1|+ |x2|, if x1, x2 ∈ [0, 1];

is Q-orbitally l.s.c. Now, if x1, x2 ∈ [−1, 0), then u1 = x1
4 ∈ Q(x1, x2) =[

−1, x1
4

]
and u2 =

x2
4 ∈ Q(x2, x1) =

[
−1, x2

4

]
, so we have
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fw(u1, u2) = ω(u1,Q(u1, u2)) + ω(u2,Q(u2, u1))

=
∣∣∣x1
4

∣∣∣+ ∣∣∣x2
4

∣∣∣+ ∣∣∣x1
16

∣∣∣+ ∣∣∣x1
16

∣∣∣
≤ 1

4
[ω(x1, u1) + ω(x2, u2)]

= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

If x1 ∈ [−1, 0) and x2 ∈ [0, 1], take u1 =
x1
4 and u2 = 0. Then

fw(u1, u2) = ω(u1,Q(u1, 0)) + ω(0,Q(0, u1))

=
∣∣∣x1
4

∣∣∣+ ∣∣∣x1
16

∣∣∣ ≤ 1

4

(
|x1|+

∣∣∣x1
4

∣∣∣+ |x2|
)

=
1

4
[ω(x1, u1) + ω(x2, u2)]

= φ(fw(x1, x2))[ω(x1, u1) + ω(x2, u2)].

The remaining cases can be illustrated in a similar manner. Hence, by
Theorem 3, Q has a coupled fixed point.

Note 1. In Theorem 1 by appropriately replacing the conditions (1) and
(2), the following outcome is evident. Let (Z, ϱ, ω) be a complete w-distance
space and Q : Z×Z → CL(Z) be a mapping. Assume fw : Z×Z → [0,∞)
defined by

fw(x1, x2) := ω(x1,Q(x1, x2)) + ω(x2,Q(x2, x1)), for all x1, x2 ∈ Z.

Suppose there exists φ ∈ Φ such that for each x1, x2 ∈ Z there exist u1 ∈
Q(x1, x2) and u2 ∈ Q(x2, x1) satisfying

(14)
√

φ(ω(x1, u1) + ω(x2, u2))[ω(x1, u1) + ω(x2, u2)] ≤ fw(x1, x2),

(15) fw(u1, u2) ≤ φ(ω(x1, u1) + ω(x2, u2))[ω(x1, u1) + ω(x2, u2)].

Then the following holds:
(A1) for each µ0, ν0 ∈ Z there exists a coupled orbit (µn, νn)n∈N0 of Q

such that lim
n→∞

µn = z1, lim
n→∞

νn = z2 for some z1, z2 ∈ Z.

(A2) fw(z1, z2) = 0 if and only if fw is Q-orbitally l.s.c. at (z1, z2).
(A3) (z1, z2) is a coupled fixed point of Q, that is, z1 ∈ Q(z1, z2) and

z2 ∈ Q(z2, z1), provided ω(z1, z1) = ω(z2, z2) = fw(z1, z2) = 0.

In the above result (14) and (15) are respectively replacements of (1) and
(2).

The proof of the above can be obtained by proceeding similarly as in the
case of Theorem 1, due to which we omit the details of the proof.
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3. Discussions

The conditions used in Theorem 1 are formulated by borrowing the idea
from Feng et al. [9]. Such types of condition are popularly known as Feing-
Liu type contractions which have been discussed in several papers, like [15,
28,29]

Samet and Vetro [25] established a result regarding coupled fixed points
for multi-valued mappings within the framework of complete metric spaces.
Their result in the complete metric spaces without order is the following.

Theorem 4. Let (Z, ϱ) be a complete metric space and F : Z×Z → CL(Z)
be a mapping. Suppose the function fϱ : Z × Z → [0,∞) defined by

fϱ(x1, x2) = ϱ(x1, F (x1, x2)) + ϱ(x2, F (x2, x1))

is l.s.c. If there exists φ ∈ Φ such that for all x1, x2 ∈ Z there exist u1 ∈
F (x1, x2) and u2 ∈ F (x2, x1) satisfying√

φ(fϱ(x1, x2))[ϱ(x1, u1) + ϱ(x2, u2)] ≤ fϱ(x1, x2),

fϱ(u1, u2) ≤ φ(fϱ(x1, x2))[ϱ(x1, u1) + ϱ(x2, u2)],

then F has a coupled fixed point.

Theorem 4 is a particular case covered by Theorem 1 when ω is assumed
to be same as ϱ.

(a) In Example 1, take x1 = 0, x2 = 1
2 . Then u1 = 0 ∈ Q(0, 1) = {0}

and u2 =
3
4 ∈ Q(1, 0) =

{
3
4

}
and

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

= ϱ(0, 0) + ϱ

(
3

4
,

{
9

32

})
=

15

32
.

Therefore,

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

≤ φ(fϱ(x1, x2))[ϱ(x1, u1) + ϱ(x2, u2)],

so we have
15

32
≤ φ(fϱ(x1, x2))

1

4
.

From the above relation we have φ(fd(x1, x2)) ≥ 15
8 > 1, which is

a contradiction. Therefore, Theorem 4 can not be applied. It is
evident that Theorem 1 includes Theorem 4.
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(b) If we take x1 = x2 = 1 in the Example 2., then u1, u2 ∈ Q(1, 1) ={
5
6 ,

3
4

}
. For u1 = u2 =

5
6 , ϱ(x1, u1) + ϱ(x2, u2) =

1
3 , so

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

= 2ϱ

(
5

6
,

{{
5

12

}
∪
[
11

6
,+∞

)})
=

5

6
.

Therefore,

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

≤ φ(fϱ(x1, x2))[ϱ(x1, u1) + ϱ(x2, u2)],

giving
5

6
≤ φ(fϱ(x1, x2))

1

3
.

Thus, from the above, we get φ(fϱ(x1, x2)) ≥ 5
2 > 1, which is a

contradiction.

For u1 =
5
6 , u2 =

3
4 , ϱ(x1, u1) + ϱ(x2, u2) =

5
12 , so

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

= ϱ

(
5

6
,

{{
5

12

}
∪
[
11

6
,+∞

)})
+ ϱ

(
3

4
,

{{
3

8

}
∪
[
11

8
,+∞

)})
=

19

24
.

Therefore, the following holds

ϱ(u1,Q(u1, u2))) + ϱ(u2,Q(u2, u1))

≤ φ(fϱ(x1, x2))[ϱ(x1, u1) + ϱ(x2, u2)],

which yields
19

24
≤ φ(fϱ(x1, x2))

5

12
.

From the above inequality we get φ(fϱ(x1, x2)) ≥ 19
10 > 1, which

is a contradiction. The conclusion remains contradictory when both
u1 = u2 =

3
4 and u1 =

3
4 , u2 =

5
6 are considered, as φ(fϱ(x1, x2)) > 1.

Therefore, Theorem 4 is not applicable.

Both of the above considerations show that the result in Theorem 4 is
properly contained in Theorem 1. It can be seen from the above considera-
tions that the introduction of w-distance as contributed in the present case
by properly extending the previous result of Samet et al. in metric spaces.
The examples 1, 2 also give us instances of new functions to which the
coupled fixed point result established in the present context are applicable.
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